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Background
Hopping expansion



Problem statement

Bigger picture
I Lattice QCD calculations are

expensive
I One of the most expensive parts is

solving the Dirac equation
I Preconditioners can accelerate this

Preconditioners
I State of the art:

algebraic multigrid (AMG)
I But AMG needs costly setup
I Can this setup be avoided?
I Goal: Preconditioner competitive

with AMG, but with very little (or
even no) setup
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Lattice Definitions 1

I We simulate QCD on a discrete space-time lattice
→ fermion fields ψ ∈ CV×4×3

→ gauge fields U ∈ SU(3)4×V

I Gauge transformations Ω ∈ SU(3)V transform the
fields as

ψ(x) → Ω(x)ψ(x)
Uµ(x) → Ω(x)Uµ(x)Ω†(x + µ̂)

I This leads to parallel-transport operators

Hµψ(x) = U†
µ(x − µ̂)ψ(x − µ̂)

These transform as Hµψ(x) → Ω(x)Hµψ(x)
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Lattice Definitions 2

Dirac equation: Dψ = φ
We use the Wilson(-clover) Dirac operator

DWC = DW − csw
4

∑
µ,ν

σµνFµν

DW = (m + 4)−
∑
µ

(1− γµ
2 H−µ +

1+ γµ
2 H+µ

)
Fµν =

1
8(Qµν − Qνµ)

Qµν = P+ν,+µ + P-µ,+ν + P−ν,−µ + P+µ,−ν

P±µ,±ν = H∓νH∓µH±νH±µ

action of DWC on ψ(x)
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Hopping expansion

I We can write DW = (m + 4)(1− κH)
with hopping parameter κ = 1

2(m+4)

I For κ < 1
8 , the inverse is of DW is

given by

D−1
W =

1
m + 4(1−κH)−1 =

1
m + 4

∞∑
n=0

κnHn

I Can we learn systematic hopping-style
expansions using Machine Learning?

⇒ Yes, let’s see how!
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Machine
Learning

Hopping expansion



Network
Architecture

Dense linear (L) layer

I n spin-color fields
ϕ ∈ CLx×Ly×Lz×Lt×Nc×Ns

I build m linear combinations of the
input fields, with spin matrices
Wi j ∈ CNs×Ns as weights:

ψi(x)
L
=

n∑
j=1

Wi jϕj(x)

Parallel Transport (PT) layer

I n spin-color fields
ϕ ∈ CLx×Ly×Lz×Lt×Nc×Ns

I apply a different parallel transport
p(i) to every input field:

ψi(x)
PT
= Tp(i)ϕi(x)
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Network
Architecture

L PT L PT L

ϕ(0)

ϕ(1,1) ϕ(2,1) ϕ(3,1) ϕ(4,1)

ϕ(1,2) ϕ(2,2) ϕ(3,2) ϕ(4,2)

ϕ(1,3) ϕ(2,3) ϕ(3,3) ϕ(4,3)

ϕ(5)
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Choice of
PT paths

The most natural choice of PT paths is
only nearest-neighbor hops:

P = {1} ∪
{

Hp |p ∈ {±1,±2,±3,±4}
}
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Score function

I To train our network, we need a score function
I Ideally, we want to optimize the condition number of MD,

κ(MD) =
|λmax|
|λmin|

→ Expensive and unstable /
I Instead, we use the surrogate cost function

C = ‖MDϕ− ϕ‖2

with random fermion fields ϕ
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Results
Hopping expansion

Thanks to
Maren Käfferlein!



Training

Training iteration

‖M
D
ϕ̃
−
ϕ̃
‖2

0 200 400 600 800 1,000
10−3

10−2

10−1

100

101

1 layer 2 layers 4 layers

9 / 24



Test solves
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Analytical structure

1 layer

I
H
+
0 H

+
1 H

+
2 H

+
3 H 0 H 1 H 2 H 3

I

0

1

2

3

2.50e-01 3.12e-02 3.12e-02 3.12e-02 3.12e-02 3.12e-02 3.12e-02 3.12e-02 3.12e-02

0 3.12e-02 0 0 0 3.12e-02 0 0 0

0 0 3.12e-02 0 0 0 3.12e-02 0 0

0 0 0 3.12e-02 0 0 0 3.12e-02 0

0 0 0 0 3.12e-02 0 0 0 3.12e-02

Hopping expansion

I
H
+
0 H

+
1 H

+
2 H

+
3 H 0 H 1 H 2 H 3

I

0

1

2

3

2.32e-01 1.97e-02 1.98e-02 1.95e-02 1.99e-02 1.97e-02 1.97e-02 1.99e-02 1.96e-02

3.73e-04 2.48e-02 7.54e-06 1.41e-05 2.34e-04 2.34e-02 1.62e-05 7.30e-06 2.86e-05

2.29e-05 2.25e-05 2.49e-02 9.73e-05 1.05e-04 2.02e-05 2.48e-02 3.48e-05 6.87e-05

1.21e-04 8.86e-05 5.62e-05 2.47e-02 1.52e-05 1.73e-04 1.14e-04 2.50e-02 1.30e-04

2.31e-04 1.12e-04 9.10e-06 2.83e-05 2.50e-02 6.84e-06 4.08e-05 8.53e-05 2.49e-02

Learned coefficients

10 5

10 4

10 3

10 2

10 1

11 / 24



Analytical structure
3 layers

I
H i H

+
i

(H i
)2

(H
+
i
)2

H i
H j

H
+
i
H
+
j

H
+
i
H j

(H i
)3

(H i
)2 H j

H i
H j

H k

(H
+
i
)3

(H
+
i
)2 H

+
j

H
+
i
H
+
j
H
+
k

(H i
)2 H

+
j

H i
H j

H
+
k

H i
H
+
i
H
+
j

H i
H
+
j
H
+
k

I

i

j

k

2.50e-01 3.12e-02 3.12e-02 7.81e-03 7.81e-03 7.81e-03 7.81e-03 7.81e-03 1.95e-03 2.93e-03 2.93e-03 1.95e-03 2.93e-03 2.93e-03 2.93e-03 2.93e-03 2.93e-03 2.93e-03

0 3.12e-02 3.12e-02 7.81e-03 7.81e-03 7.81e-03 7.81e-03 7.81e-03 1.95e-03 2.93e-03 2.93e-03 1.95e-03 2.93e-03 2.93e-03 2.93e-03 2.93e-03 2.93e-03 2.93e-03

0 0 0 0 0 7.81e-03 7.81e-03 7.81e-03 0 2.93e-03 2.93e-03 0 2.93e-03 2.93e-03 2.93e-03 2.93e-03 2.93e-03 2.93e-03

0 0 0 0 0 0 0 0 0 0 2.93e-03 0 0 2.93e-03 0 2.93e-03 0 2.93e-03

Hopping expansion

I
H i H

+
i

(H i
)2

(H
+
i
)2

H i
H j

H
+
i
H
+
j

H
+
i
H j

(H i
)3

(H i
)2 H j

H i
H j

H k

(H
+
i
)3

(H
+
i
)2 H

+
j

H
+
i
H
+
j
H
+
k

(H i
)2 H

+
j

H i
H j

H
+
k

H i
H
+
i
H
+
j

H i
H
+
j
H
+
k

I

i

j

k

2.43e-01 2.77e-02 2.76e-02 7.13e-03 7.14e-03 5.81e-03 5.81e-03 5.81e-03 1.36e-03 1.81e-03 1.40e-03 1.38e-03 1.88e-03 1.44e-03 1.80e-03 1.41e-03 1.80e-03 1.46e-03

2.09e-04 3.50e-02 3.50e-02 7.58e-03 7.68e-03 7.69e-03 7.66e-03 7.75e-03 1.36e-03 1.82e-03 1.74e-03 1.39e-03 1.88e-03 1.79e-03 1.35e-03 1.89e-03 1.91e-03 1.91e-03

2.02e-04 3.31e-05 3.09e-05 6.39e-05 1.49e-05 7.73e-03 7.76e-03 7.67e-03 3.43e-05 1.42e-03 1.95e-03 2.33e-05 1.35e-03 1.79e-03 1.88e-03 1.93e-03 1.32e-03 1.86e-03

2.64e-04 1.44e-05 3.34e-05 6.56e-05 3.30e-05 6.40e-06 5.13e-05 7.15e-05 4.42e-06 3.94e-05 1.89e-03 1.62e-05 3.12e-05 1.90e-03 1.47e-05 1.94e-03 3.56e-05 1.85e-03

Learned coefficients

10 5

10 4

10 3

10 2

10 1

Va
lu

e
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Background
Critical slowing down



Critical slowing down

I For κ = 1
2(m+4) <

1
8 , the hopping expansion does

not converge anymore, as long paths dominate
I Near κ ≈ 1

8 , we need an increasing amount of
layers to build a good approximation of D−1

I How can we make our networks more efficient in
this regime?
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Critical slowing down
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Machine
Learning

Critical slowing down



PT Paths 1
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PT Paths 2

To allow for longer paths without increasing
the number of paths too much, we choose

P = {1} ∪
{

Hn
p |p ∈ {±1,±2,±3,±4},

n ∈ {20, 22, . . . , Lp/2}
}
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PT Paths 3
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Score function

Filter iteration count N

O
pe

ra
to

ra
pp

lic
at

io
ns

0 5 10 15 20

103

104

unpreconditioned MG
4 layers 8 layers
12 layers 16 layers

83 × 16 lattice
Q = 1
m = −0.555

I Standard choice:

C = ‖MDϕ− ϕ‖2

with random field ϕ

I Filtered cost function:

C = ‖MDϕ̃− ϕ̃‖2

where ϕ̃ is obtained through N
iterations of GMRES for Dϕ = 0
with random initial guess
⇒ Stronger emphasis on the

low modes!
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Results
Critical slowing down



Gauge configurations

1 doi.org/10.5281/zenodo.15018324
2 doi.org/10.5281/zenodo.17494829

83 × 16 ensemble1:
I Wilson action
I quenched, heat bath
I Wilson-clover Dirac operator
I configurations with topological

charge |Q| ∈ {0, 1, 2}

163 × 32 ensemble2:
I Wilson action
I quenched, HMC
I Wilson-clover Dirac operator
I configurations with topological

charge |Q| ∈ {0, 4}
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Training cost

Training iteration

‖M
D
ϕ̃
−

ϕ̃
‖2
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83 × 16 lattice
Q = 1
m = −0.555
N = 10
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Critical slowing down

bare mass parameter
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Critical slowing down

bare mass parameter

O
pe

ra
to

ra
pp

lic
at

io
ns

83 × 16
|Q| = 2

−0.59 −0.58 −0.57 −0.56 −0.55 −0.54

103

104

unpreconditioned MG
4 layers 8 layers
12 layers 16 layers

19 / 24



Critical slowing down

bare mass parameter
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Critical slowing down

bare mass parameter
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Transfer

bare mass parameter
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Weights analysis
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Weights analysis

Weights look systematic,
but not like hopping ex-
pansion!
→ new analytic formula
for D−1
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Conclusion

Slides and code:
simon-pfahler.github.io

Goals
� Build a preconditioner using ML

that mitigates critical slowing
down

� Learn a general analytic formula
→ No costly setup/trivial transfer

� Handle topological modes nicely

Next steps
I Extract the analytic expansion the

models learned
I Understand why the architecture

fails for topological modes
I Explore models to generate

representative near-null space
vectors economically
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